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Abstract 

Extra dimensions have interesting consequences for flavor physics. We 
consider a setup where the standard model fermions and gauge fields reside 
in the bulk of a warped extra dimension. Fermion masses and mixings are 
explained by flavor dependent fermion locations, without relying on hierarchi- 
cal Yukawa couplings. We discuss various flavor violating processes induced 
by (Kaluza-Klein) gauge boson exchange and non-renormalizable operators. 
Experimental constraints are satisfied with a Kaluza-Klein scale of about 10 
TeV. Some processes, such as muon-electron conversion, are within reach of 
next generation experiments. 
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1 Introduction 



Models with extra dimensions have attracted great attention in recent years as 
they offer new perspectives on challenging problems in modern physics. It was 
demonstrated by Randall and Sundrum that a small but warped extra dimension 
provides an elegant solution to the gauge hierarchy problem [1] (sec also [2]). The 
fifth dimension is an S1/Z2 orbifold with an AdSs geometry of curvature A;, bordered 
by two 3-branes with opposite tensions and separated by distance R. The red shift 
induced by the AdS warp factor Q — e~'^^^ generates an exponential hierarchy 
between the energy scales on the two branes. If the brane separation is kR ~ 11, 
the scale on the negative tension brane is of TcV-sizc, while the scale on the other 
brane is of order Mpi. The AdS curvature k and the 5D Planck mass M5 are 
assumed to be of order Mpi. Gravity is weak at the TcV-branc because the zero 
mode corresponding to the 4D graviton is localized at the positive tension brane 
(Planck- brane). 

In contrast to the original proposal [1] we take the standard model (SM) fermions 
and gauge bosons as bulk fields. In the non-supersymmetric framework we are 
studying, the Higgs field has to be confined to the TeV-branc in order to preserve 
the solution to the gauge hierarchy problem [3,4]. Our motivation is twofold. With 
the SM fermions residing in the 5-dimensional bulk, the hierarchy of quark and 
Icpton masses can be related to a higher dimensional geography [5,6]. Different 
fcrmion fiavors are localized at different positions in the extra dimension or, more 
precisely, have different wave functions. The fermion masses are in direct proportion 
to the overlap of their wave functions with the Higgs field [7] . Also the CKM mixing 
can be explained along these lines. A second point is that at the TeV-brane non- 
renormalizable operators, now only TeV-scale suppressed, are known to induce rapid 
proton decay, large neutrino masses and fiavor violating interactions. Because of 
the warp factor, the effective cut-off scale varies along the extra dimension. If the 
quarks and leptons are localized towards the Planck-brane in the extra dimension, 
the suppression scales of dangerous operators can be significantly enhanced [5,6]. 
Small Majorana neutrino masses can then arise from dimension-five interactions, 
without introducing new degrees of freedom [8] . The atmospheric and solar neutrino 
anomalies can be satisfactorily resolved. Alternatively, Dirac neutrino masses can 
be generated by a coupling to right-handed neutrinos in the bulk [9, 10]. 

Fields hving in the 5D bulk can be expanded as a tower of Kaluza-Klein (KK) 
states. Electroweak observables, in particular the weak mixing angle and gauge bo- 
son masses, require the KK excitations of SM particles to be heavier than about 
10 TeV [4,11,12]. A small hierarchy separates the weak and KK scales. In the 
presence of brane-localized kinetic terms the bound on the KK scale may be some- 
what relaxed [13], but we are not considering this possibility in the following. For 
fermions confined to the TeV-brane, the electroweak constraints have been analyzed 
in ref. [14]. 

In this paper we address the issue of flavor violation in the warped SM which is an 
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immediate consequence of our approach to the fermion mass problem. Some aspects 
of this topic have already been discussed in the literature [5,6,12,15-18]. The 
crucial connection to the issue of fermion masses, however, has not been thoroughly 
investigated so far. This connection allows us to obtain more reliable predictions 
for the flavor violating rates. Moreover, we are including lepton flavor violating 
processes which have not yet been considered in context of the warped SM. Some 
results have ah^cady been presented in ref. [19]. 

In the next section we summarize some results on bulk fermions and gauge 
bosons in a warped background. In section 3 we are using the observed fermion 
masses and mixings to determine the locations of the various fermion flavors in 
the extra dimension. The fermion mass pattern can be accommodated without 
relying on hierarchical Yukawa couplings. In section 4 we discuss how the mixing 
between different KK levels leads to a non-unitary CKM matrix. Flavor violation by 
(KK) gauge boson exchange, being a natural consequence of our setup, is studied 
in section 5. We flnd that with a KK scale of 10 TeV the model is consistent 
with the experimental constraints, while some processes, such as muon-electron 
conversion, arc within reach of next generation experiments. In section 6 we show 
that contributions from non-renormalizable operators to flavor violating processes 
are naturally within experimental bounds, while proton decay cannot by adequately 
suppressed. Finally, in section 7 we conclude. 



2 Bulk fields in a warped background 

We assume that the standard model gauge bosons and fermions reside in the bulk 
of the warped 5D space-time [1] 

ds^ = e-'^^^y^^^dx^dx" + dy\ (2.1) 

where = k\y\. The 4-dimensional metric is r]^y = diag(— 1, 1, 1, 1) and y de- 
notes the flfth coordinate. The AdS curvature k is related to the bulk cosmological 
constant and the brane tensions. To set the notation let us briefly review some 
properties of gauge and fermion flelds in a slice of AdS^. 

A gauge field propagating in a curved background with metric G*^^ is described 
by the equation of motion 

-^dM{V^G^''G'''F^s) - MlG^^As = 0. (2.2) 
V-G 

The mass term M\ arises from spontaneous symmetry breaking and is present only 
for the weak gauge bosons. Since the Higgs field is localized at the TeV-brane, we 
have 

Ml^^{g('^fvlS{y-nR), (2.3) 
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where g'^^^ is the 5D gauge couphng. The Higgs vev vq is expected to be of order 
Mpi. Imposing the gauge = 0, we decompose the 5D fields as 



M^,y) = ^E4"n^)/n (y)- (2.4) 

* n=0 

Inserting the metric (2.1) and the decomposition (2.4) into the equation of motion 
(2.2), the wave functions have to satisfy 

(^2 _ 2a'dy - Ml + e^'mDf^ = 0, (2.5) 
where a' = da/dy. This equation is solved by [20] 

fniy) = ^ iM^en + b^{m^)YAn] . (2.6) 



Nr,. 



The spectrum of KK masses m„ and the coefficients 6^ are determined by the 
boundary conditions of the wave functions at the branes. The localized mass term 
M\ only affects the boundary condition at the TeV-brane [4, 11]. The normalization 
constants are fixed by 



27rR 



■jvR 



dy fMfniy) = Smn. (2-7) 



In the case = eq. (2.2) admits a constant zero mode solution [20]. The 
excited states are localized towards the TeV-brane and have TeV-scale KK masses 
rrin ~ mrke~'"^^. In the presence of the mass term M\, the zero mode acquires a 
mass 

^0 = i9^'^rv',e~''''Vi27rR) + Oiig^'^)Xe''-'^/M'^^), (2.8) 

where M^k = f^i denotes the KK scale. The order 1/M|-^ corrections are related 
to a dip in the zero mode wave function caused by the boundary mass term [4]. 
Compared to the 4D standard model they induce a tree-level shift of the W and Z 
boson mass ratio relative to its 4D standard model value. In refs. [4, 11, 12] it was 
shown that the electroweak precision data thus implies the constraint Mkk ^10 
TeV. If the boundary mass term was not included in the KK reduction, but evaluated 
with the M| = wave functions, the order efi'ects would show up in the 4D 

effective action as mixings between the KK states. 

The equation of motion of a fermion in curved space-time reads 

Eal'idM + cum)^ + = 0, (2.9) 
where is the fiinfbein, 7" = (7'*, 7^) are the Dirac matrices in fiat space, and 

Qe-V757^,0^ (2.10) 
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is the spin connection induced by the metric (2.1). Fermions have two possible 
transformation properties under the orbifold symmetry, ^(— 1/)± = ±75^(|/)-|-. 
Thus, is odd under Z2, and the Dirac mass term, which is odd as weU, can 

be parametrized as = ca' . The Dirac mass should therefore originate from the 
coupling to a Z2 odd scalar field which acquires a vev. On the other hand, 'J'i^if: is 
even. Using the metric (2.1) one obtains for the left- and right-handed components 
of the Dirac spinor [5, 9] 

y^^<rQ^Q, ^ Q2 _ _ Mj]e-2-^^^^ = 0, (2.11) 

where Mj = c{c ± \)k^ =F co" and ^l,r = ±75*L,ii- 
Decomposing the 5D fields as 

^ 00 

^{x\y) = ^^^^W(a;'^)e2v.(2/), (2.12) 



n=0 

one ends up with a zero mode wave function [5, 9] 



and a tower of KK excited states 

,(t/2 



h{y) = (2.13) 

iVn 



/n(y) = V U^e^ + b^{m^)Y^{'^e'^) . (2.14) 



The order of the Bessel functions is a = |c ± 1/2| for 'ifL,R- The spectrum of KK 
masses m„ and the coefficients ba are determined by the boundary conditions at the 
branes [5, 9]. The normahzation constants follow from 

[ dy eVm(y)/n(y) = Smn- (2-15) 



2tiR 



Because of the orbifold symmetry, the zero mode of ^+ (^-) is a left-handed 
(right-handed) Weyl spinor. For c > 1/2 (c < 1/2) the fcrmion is localized near the 
boundary at y = (y = vri?), i.e. at the Planck- (TeV-) brane (see also fig. 1). 

The zero modes of leptons and quarks acquire masses from their coupling to the 
Higgs field 

j d'x J dyV^x'^^H^i+^j. = J d^x m,,*l?*fi + • • • , (2.16) 
where X\f are the 5D Yukawa couplings. The 4D Dirac masses are given by 



rriij 
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In the second step we have used H{y) — voS{y — TrR)/k and introduced the dimen- 
sionless couphngs 1^ — X\fVk. 

The gauge interaction between bulk gauge bosons and fermions, g^^^'^iE^^'^AM'^ , 
induces the effective 4D couphngs [5] 

(5) r^R 

9^jn = J2^^ J ^/h{v)fAy)fn{v) dy (2.18) 

between the different KK levels. In the case of a massless gauge boson {fo{y) = 1) 
this integral reduces to the normalization condition of fermions (2.15), and one finds 
dijo = ^ijd^^^ I V27ri?. For a massive gauge field the gauge coupling of the zero mode 
to TeV-brane fermions is somewhat reduced due to the dip in its wave function 
[4]. In the SM this effect leads, for instance, to smaller gauge couplings of W and 
Z bosons relative to that of the photon. In order to keep these corrections within 
experimental bounds we derived in ref. [11] the constraint Mkk > 60 TeV if the 
fermions reside on the TeV-brane. For fermions localized towards the Planck-brane 
this constraint becomes weaker than the 10 TeV bound from the gauge boson masses 
discussed before. 

Combining eqs. (2.8) and (2.18), we can determine the Higgs vev required to 
provide the measured gauge boson masses. To keep the electroweak corrections 
small enough, we take Mkk = 10 TeV. Assuming k = Mp\ wc find kR = 10.83 and 
Vq = 0.043Mpi. Thus, there is still a small hierarchy of about twenty between the 
fundamental scale and the Higgs vev. 



3 Quark and lepton masses 

The fermion masses crucially depend on the overlap of the fermion wave functions 
and the Higgs profile. They are functions of the 5D mass parameters of the left- 
and right-handed fermions, cl and Cr respectively, which enter eq. (2.17). As the 
5D Dirac mass, i.e. c parameter increases, the fermion gets localized closer towards 
the Planck-brane. Its overlap with the Higgs profile at the TeV-brane is reduced, 
which is reflected in a smaller 4D fermion mass from electroweak symmetry breaking. 
Since the fermionic zero modes depend exponentially on the 5D mass parameters, 
the large hierarchy of charged fermion masses can be generated from c parameters 
of order unity [5,6]. If right-handed neutrinos are introduced in the bulk, sub-eV 
neutrino masses can be explained in the same manner [9, 10]. 

Building up the fermion mass matrices from eq. (2.17) requires also the specifl- 
cation of the 5D Yukawa couplings. Thus there are considerably more independent 
parameters in the model than there are observable fermion masses and mixings. 
Relating the measured fermion properties to their locations in the extra dimen- 
sion needs therefore additional assumptions. In ref. [6] it was assumed that the 5D 
Yukawa couplings are of order unity, and the fermion mass pattern is solely due 
to the different locations. Additionally, the fermions were localized as closely as 
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possible towards the Planck-brane in order to maximally suppress the impact of 
non-renormalizable operators on rare processes. 

In the following we are using a somewhat different approach. While still assuming 
the 5D Yukawa couplings to be of order unity, we are looking for a set of c parameters 
which "most naturally" accounts for the observed fermion masses and mixings. More 
precisely, we are taking random 5D Yukawa couplings and require the averaged 
fermion properties to fit the experimental data. Similar methods have been used to 
study models where the fermion mass pattern is due to (approximately) conserved 
charges [21]. There the role of the fermion locations is taken by a set of Higgs fields. 

Let us first focus on the quark sector. At the scale of 10 TeV, where we are 
matching our model to the observational data, the (running) quark masses are 

rriu = 0.7 - 2.3 MeV, = 420 - 540 MeV, rrit = 140 - 148 GeV 

md = 1.4-4.2 MeV, m, = 28 - 80 MeV, = 2.1 - 2.3 GeV. (3.19) 

We have used one loop renormalization group equations [22] to run the quark masses 
given in ref. [23] from the scale Mz to 10 TeV. The running reduces the quark masses 
by about 20 percent. The moduli of the CKM matrix are given by [24] 

/ 0.9741 - 0.9756 0.219 - 0.226 0.0025 - 0048 \ 
IV^kmI = 0.219- 0.226 0.9732 - 0.9748 0.038 -0.044 . (3.20) 
\ 0.004- 0.014 0.037- 0.044 0.9990-0.9993 / 

A convention independent measure of CP violation is the Jarlskog invariant which 
experimentally is found to be [24] 

J = (3 ± 0.3) X 10-^ (3.21) 

Assuming non-hierarchical 5D Yukawa couplings, the fermion mass matrix (2.17) 
leads to a product-like structure 

(aibi a]h2 aih \ 
0261 0262 0263 (3.22) 
0361 0362 0363 J 

where and bi are given by the fermion wave functions foi^RiT^R)- As a function of 
the fermion location there is a slow increase /o(7ri?) cx \/l/2 — c for c < 1/2, and an 
exponential suppression /o(7ri?) oc exp(— cvrfci?) for c > 1/2. Note that some non- 
equal Yukawa couplings are needed to render the mass matrix (3.22) non-singular. 
If the mass matrix is diagonalized by UlMUI^, the left- and right-handed mixings 
are typically of order UL,ij ~ ai/aj and Un^ij ~ bi/bj, respectively. Fermions which 
have similar positions (c parameters) have large mixings. The mass matrix (3.22) 
predicts the approximate relation U13 ~ U12U23 between the mixing angles, which 
for the observed CKM matrix (3.20) is satisfied up to a factor of about two. 
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In our numerical analysis we generate = 25000 random sets of up and down- 
type Yukawa couplings and diagonalize the emerging mass matrices (2.17). We 
require the averaged fermion masses and mixings to fit the experimental data, using 
the logarithmic average of a quantity X 

W=-p(i:^)' (3-23) 

Taking 2/3 < < 4/3 and random phases from to 2tt, we find the "most 
natural" locations 

cqi = 0.643, cdi = 0.643, cui = 0.671, 
CQ2 = 0.583, CD2 = 0.601, cu2 = 0.528, 
cq3 = 0.317, cb3 = 0.601, C(/3 = -0.460. (3.24) 

The wave functions of the left-handed quark zero modes and the first excited state 
of Qi are shown in fig. 1. We fix the relative positions of Qi and Q2 by fitting \ Vus\, 
while \Vcb\ determines the relative positions of Q2 and Q3. The Jarlskog invariant 
J = lm{VcsV*^VudV;a) [25] and |Kfe| are then fixed as well. Note that the the CKM 
mixings are determined by the locations of the left-handed quarks. We then use 
the locations of the right-handed quarks to fit the quark masses. Taking the quark 
locations (3.24), we find for the averages 

THu = 2.0 MeV, 
rrid = 4.0 MeV, 
\Vus\= 0.222, 
J = 3.1 X 10~5. 



rrir. 



IK 



cb\ 



506 MeV, 
58 MeV, 
= 0.040, 



mt = 
rrib = 

\Vub\ 



144 GeV, 
2.2 GeV, 
= 0.0088, 



(3.25) 
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While the prediction of J agrees well with the experimental value (3.21), \Vub\ is 
found to be about two times too large (3.20). As discussed above this discrepancy 
is a consequence of the mass pattern (3.22). 

The quark locations of eq. (3.24) are not a unique solution. Moving all the left- 
handed quarks in such a way that the related factors in (3.22) are changed by a 
common factor, can be compensated by an appropriate change in the locations of the 
right-handed quarks. So in fact there is a one parameter family of solutions, labeled, 
for instance, by 6cqi. However, if some of the light quarks are localized towards the 
TeV-brane (c < 1/2), large deviations from electroweak precision variables drive the 
KK scale far above 10 TeV [11]. In section 5 we will see that in this case flavor 
violation is greatly enhanced. Since is already close to 1/2, we cannot move 
the right-handed quarks much closer to the TeV-brane. This would also require 
to localize the right-handed top quark extremely close towards the TeV-brane by 
C[/3 ^ ~ 2. On the other hand, the Qi cannot be localized much closer towards 
the TeV-brane without getting too large modifications of the left-handed bottom 
couphngs. Thus we end up with the quite constrained range of —0.01 < 6cqi < 0.02. 
The quarks can be localized closer towards the Planck-branc if the 5D Yukawa 
couplings are increased by a common factor. Increasing them by a factor of 10, for 
instance, corresponds to 5cqi = 0.037. However, very large Yukawa couplings / ^ 1 
introduce a new and unexplained hierarchy in the model. Taking Yukawa couplings 
I <S 1 would mean to move the quarks closer towards the TeV-brane which worsens 
the electroweak fit. The quark locations also depend on k/Mpi which we take to be 
one. 

The experimental errors (3.19) and (3.20) translate into uncertainties in the 
fermion locations. For instance, from \Vcb\ we can fix the position of Q3 relative to 
Q2 only up to an error of —0.02 < Ac < 0.03. The position of Qi relative to Q2 
is determined quite accurately up to about —6 x 10~^ < Ac < 5 x 10~^ by |T4s|- 
For the right-handed quarks the errors induced by the quark masses range from 
Ac ^ ±8 X 10"'^ for to Ac ~ ±0.03 for Us. More precisely, these are errors on 
the relative positions of left- and right-handed quarks, for instance, cqs — cus in the 
case of the top. Note that positions c < 1/2 have larger errors since in this range 
the fermion mass does not depend exponentially but as — c on the fermion 

location. 

The statistical approach provides us with distributions of fermion properties 
rather than with their precise values. This adds further uncertainties to the fermion 
locations. In fig. 2a we present the distribution of ln(m„) which shows a half 
width of about 1.1. Requiring that, with a different location, the average value 
of ln{mu) still lies within this half width range translates into an uncertainty of 
—0.017 < Acr/1 < 0.019. In table 1 we have summarized the statistical and ex- 
perimental uncertainties in the quark locations. Fig. 2b shows the distribution of 
ln(|V^b|) which overlaps considerably with the experimentally favored range. Despite 
the factor of two deviation in the average (iKbl), there is an acceptably good fit to 
the data once the statistical variations are taken into account. 
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Figure 2: Logarithmic distributions of rriu (a) and |\45| (b) for Yukawa coupling 
distributions 2/3 < < 4/3 (solid lines), < < 2 (dashed dotted lines) 
and — 1 (solid lines). The vertical dashed lines indicate the experimental 
uncertainties. 



Our results depend only weakly on the range taken for the moduli of the 5D 
couplings lij. In fig. 2 we present the distributions of m„ and \ Vuh\ additionally for 
the case < < 2 and for pure phase Yukawa couplings = 1. In the context of 
flat extra dimensions pure phase Yukawa couplings have recently been investigated 
in ref. [26]. We find that a wider range of \ leads only to a slight broadening in the 
distributions of fermion properties. The induced shift in the average values is always 
much smaller than the width of the distributions. For instance, we find an average 
rUu = 2.3 (2.0) MeV in the case < < 2 (|/jj| = 1). This behavior stresses 
that the fermion mass pattern is indeed determined by the fermion locations, not 
by accidental properties of the 5D Yukawa matrices. Note that the robustness of 
our results concerning different ranges of is due to the complex phases in the 5D 
Yukawa couplings. For real values of lij there is a high probability of cancellations 
in the mass matrices. This leads to multiple peaks in the distributions of fermion 
masses and mixings for a narrow range of 

Let us close this section with a brief discussion of the lepton sector. To de- 
termine the lepton locations we have to take into account neutrino masses and 





Qi 


Q2 


Qs 


Di 


D2 




Ui 


U2 


Us 


c 


0.643 


0.583 


0.317 


0.643 


0.601 


0.601 


0.671 


0.528 


-0.460 


exp. 


+0.0004 


+0.002 


+0.03 


+0.017 


+0.012 


+0.0008 


+0.017 


+0.004 


+0.03 




-0.0006 


-0.003 


-0.02 


-0.008 


-0.006 


-0.0008 


-0.002 


-0.002 


-0.03 


Stat. 


+0.022 


+0.029 


+0.13 


+0.016 


+0.006 


+0.004 


+0.019 


+0.006 


+0.50 




-0.027 


-0.024 


-0.21 


-0.023 


-0.017 


-0.006 


-0.017 


-0.023 


-0.76 



Table 1: Experimental and statistical errors on the fermion locations of eq. (3.24). 
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mixings. Neutrino masses can arise from different sources in the context of warped 
geometry. In one scenario sub-eV Dirac masses are generated by a coupling to 
right-handed neutrinos in the bulk [9, 10]. The necessary tiny Yukawa couplings can 
naturally be generated if the right-handed neutrinos are localized closely towards 
the Planck-brane by taking 1.2 < c < 1.5. Neutrino and charged fermion masses 
are then treated on the same footing. Alternatively, the dimension five interaction 
{1/Q)HHLL can induce small Majorana neutrino masses [8]. The suppression scale 
Q of the non-renormalizable interaction depends on the position of the left-handed 
leptons L in the extra dimension. This mechanism is minimal in the sense that it 
does not require to extend the standard model particle content. 

As in the case of quarks, the locations of the left-handed states determine the 
observed fermion mixings. Large neutrino mixings require the neutrinos and thus 
the SU(2) lepton doublets to have similar positions cu 

cli — 0.565, cl2 — 0.565, cls = 0.565, 

CEi = 0.764, CE2 = 0.609, ces = 0.509. (3.26) 

The right-handed positions CEi we fixed by requiring that with random Yukawa 
couplings the average charged lepton masses fit their observed values. 

To suppress the matrix element Ues in the neutrino mixing matrix it is favorable 
to separate the electron doublet somewhat from the muon and tau doublets [8] 

Cli = 0.631, cl2 = 0.565, c^s = 0.565, 

cei = 0.725, ce2 = 0.594, ce3 = 0.497. (3.27) 

Like in the case of quarks there is a one parameter family of degenerate locations 
if the left- and right-handed states are shifted against each other. The widths of 
the distributions allow to fix the locations only up to Ac ~ ±0.01. Taking the 
5D Yukawa couplings larger than one, we could shift the leptons closer towards the 
Planck-brane, as was done in ref . [8] . 

4 Mixings of KK states and the unitarity of the 
CKM matrix 

So far we have only dealt with the zero modes of quarks and leptons. But the 
Yukawa interaction (2.16) also induces mixings between the zero modes and the 
vector-like excited states. In the following we show that this effect hardly modifies 
the conclusions we have reached above. 

Prom the KK reduction of an SU(2) doublet quark Ql we obtain a left-handed 
zero mode q^^\ corresponding to the SM quark, and an infinite tower of left- and 
right-handed KK excited states g^"^ and q^^\ where we omit flavor indices. The 
SU(2) singlet up quarks decompose into the right-handed zero mode w^^"* and the 
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KK excited states u'^^^ and After electroweak symmetry breaking the up 

quark mass matrix takes the form 

/ m 



c(n) 



Ml 



u 



m 



\ 



(0,0) 





^(0,1) . 




( uT \ 


(1,0) 
















mu,i ■ 







(4.28) 



where we again suppress flavor indices, i.e. every entry represents a 3 x 3 matrix in 
flavor space. The masses m*^™'""-* arise from electroweak symmetry breaking. They 
are obtained by inserting the relevant wave functions into eq. (2.17). The ^ and 
'm'U,m denote the KK masses of the excited quark states. The zeros in (4.28) follow 
from the Z2 orbifold properties of the wave functions. Analogous mass matrices 
arise for the down quarks and charged leptons. The wave functions of the the KK 
fermions are localized at the TeV-brane (see fig. 1). Their overlap with the Higgs is 
large and almost independent of the location of the zero mode. We obtain 



m 



(0,n) 



m 



(m,n) 



Ivq 
nkR 

Ivq 
nkR 



f0Li7rR)fnRi7rR) 



fmL{7rR)fnR{7rR) ~ (-1)^+" • Z • 349 GeV, m, n > 1. (4.29) 



These masses are large compared to the corresponding zero mode masses. 

The mass matrix (4.28) induces a mixing between SU(2) singlet and doublet 
states. This effect diminishes the weak charge of the left-handed quarks [16]. In 
the context of neutrinos this behavior was discussed in refs. [9, 10]. Ignoring flavor 
mixing for a moment, the singlet admixture in the left-handed zero mode is 



E 

n=l 



m 



(0,n) 



mu,n 



m 



(0,l)\2j>o_ ^ 



n=l 



m 



(0,1) 



IT 



In the second step we approximated the KK spectrum by m„ ~ nrrii. Taking the 
quark positions of eq. (3.24) we obtain for the top quark a singlet admixture of 
1.5 X 10^'^. For the other quark flavors the admixture is smaller than 10~^. The 
mixing between the SU(2) doublet zero mode and its KK excitations is even more 
suppressed and on the order of {m^^'^^m^^'^^y /uiq^i. Our neglect of the KK states 
in the discussion of quark and lepton masses in the previous section is therefore well 
justified. 

The gauge couplings of fermions (2.18) are modified by KK mixing in the weak 
gauge boson sector [4, 11]. The W and Z bosons couple somewhat weaker to fermions 
at the TeV-brane, while their KK states couple stronger [5, 20], as we show in fig. 3. 
For c > 1/2 the gauge couphng is almost independent of the precise location, and 
the couphng of the KK states is small, Qi/qsm ~ 0.19. 
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The charged current interaction of the KK fermions is described by an infinitely 
dimensional version of the CKM matrix 

V = UL,uQUiD (4.30) 

where Ul and Ur diagonalize the full fermion mass matrices (4.28). The fiavor 
diagonal matrix Q contains the gauge couplings of the various KK states to the W 
boson. We normalize Q to the weak coupling of the muon as obtained from eq. (2.18) 
with the muon location of eq. (3.26). Since the weak gauge bosons are massive, they 
induce couplings between different KK levels. These couplings are suppressed by 
Mz/Mkk and numerically small. Note that in general even the full CKM matrix 
V is not unitary. Its truncation to the zero mode sector, V , governs the low energy 
charged current interaction. Three sources contribute to the non-unitarity of V: 
the mixing of SU(2) doublet and singlet states, the truncation to the zero mode 
sector and the modification of the fermion gauge couplings. The last contribution is 
dominant, except for the third generation quarks. Defining Al^j = X]^=i l^jP ~ 
we find with the quark locations of eq. (3.24) AV^i 1 ■ 10~^, AV2 ~ 2 ■ 10"'^ and 
AV3 ~ — 3-10~^. Again we have averaged over random sets of Yukawa couplings. The 
deviation from unitarity in the first generation is two orders of magnitude below the 
current experimental sensitivity [24]. Also the expectation of AV3 is small compared 
to the few percent precision in the weak charge of the top quark to be reached at 
the LHC [27]. 

Charged current interactions are also mediated by the KK states of the W boson. 
These corrections are suppressed by {gl/6gQ){M^/Mj^j^) < 0.1 and therefore sub- 
leading. The inequality becomes satisfied for the top quark which is localized closest 
towards the TeV-brane. Only for fermions localized very closely to the TeV-brane 
these corrections become important. 
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5 Flavor violation 



The mechanisms we have discussed in the previous section in the context of charged 
current sector modify the neutral current interactions in a similar way. In analogy 
to eq. (4.30) we define the neutral current gauge couplings in the basis of mass 
eigenstates as 

^ti^ -UlnQTM]n (5-31) 

where the unitary matrices Uf^j^ diagonalize the full mass matrices, including the 
KK states of the fermion species = QljUrJl, etc. In ref. [19] we had not yet 
included KK mixing in the fermion sector. With Qfj^i we denote the coupling to the 
nth KK state of the Z boson as obtained from eq. (2.18). If the fermion families are 
localized at different positions in the extra dimension, the gauge couplings Gf^"ji are 
non-universal in flavor space. These deviations in the fermion gauge couplings are 
too small to directly show up in flavor conserving processes at present accelerator 
experiments if the KK scale is about 10 TeV [11]. However, the transformation to the 
mass eigenstates (5.31) induces flavor violating couplings which lead to interesting 
new phenomena. These flavor violating interactions are an immediate consequence 
of our approach to the problem of fermion masses. The phenomenology is similar 
to what happens in models with family non- universal Z' bosons, so we can adopt 
the formalism described, for instance, in rcf. [28] with the complication of the KK 
mixing of fermions. In the gauge boson sector we work with mass eigenstates from 
the very beginning. There is no mixing of the Z boson and its KK states, instead 
the zero mode has flavor violating couplings as well. 

Flavor violation as induced by the couplings (5.31) is driven by the non-universality 
5gij in the couplings of different flavor states which are mixed by an angle 9ij 

Xij ~ 5 Qij sin 9ij. (5.32) 

Very different fermion locations on the one hand increase non-universality, on the 
other hand they lead to small mixing angles. Non-universality is larger for fermions 
localized towards the TeV-brane, c < 1/2, as is shown in flg. 3, and for the Z 
zero mode depends on the KK scale as 1/M|-^. Note that, different from the 
standard model, the right-handed mixings become physically relevant. The left- 
handed mixings of quarks and leptons are naturally comparable to the observed 
CKM and neutrino mixing angles, respectively. This requirement fixed the left- 
handed fermion locations in section 3. The locations of right-handed fermions we 
have used to fit the fermion masses. For the locations (3.24) and (3.27) the right- 
handed mixings are then predicted as 

m,i,2\) = 0-017, {\Ul,^,\) = 0.073, {lUl.^.l) = 0.0012, 

(Ki,2l) = 0.23, (|W^,2,3l) = 0.60, (|W]^,,,3|) = 0.23, (5.33) 

(1^^1,1,21) =0.016, (|W^,2,3l)= 0.057, (|W^,i,3|) = 0.0016. 



13 



Again we have averaged over random sets of Yukawa couplings. The right-handed 
down quarks mix strongly with each other, while the mixings of up quarks and 
leptons are found to be small. For the alternative other set of lepton locations 
(3.26) the right-handed mixings are similarly small. 

In the following we are using a KK scale of 10 TeV which might be somewhat low- 
ered by introducing brane-kinetic terms [13]. Note that the rates of flavor violating 
processes which we present below cannot be translated to that case by simple scal- 
ing with the appropriate powers of M^k- Branc-kinctic terms modify the KK wave 
functions and thus possible non-universalities even if the KK scale is not changed. 

5.1 Lepton flavor violation 

Let us start the discussion of flavor violation with the lepton sector. In addition 
to the lepton locations (A) (3.26) and (B) (3.27) we are considering two modified 
settings 

(A') : CLi = 0.585, cl2 = 0.565, cl3 = 0.545, 

(B') : cli = 0.520, cl2 = 0.200, cls = 0.150 (5.34) 

to explore the dependence on the fermion locations. The right-handed positions 
are taken as in (A) and (B), respectively. In the set (A') we have shifted the left- 
handed leptons by a small amount to induce some non-universality in the left-handed 
sector. The changes in the lepton masses and mixings remain within the widths of 
the statistical distributions. In (B') we have reduced the Yukawa couplings by a 
common factor of twenty, which is compensated by moving the left-handed leptons 
closer towards the TeV-brane where non-universality is especially large. We also 
separated somewhat the left-handed muon and tau states. Using these locations we 
find the following lepton flavor violation Z couplings 
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where we have included the zero modes and the first KK states of the leptons. Note 
that in the case (B') there is a large increase in the left-handed couplings compared to 
the cases with c > 1/2. For (A) the flavor violating left-handed couplings completely 
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stem from fermion KK mixing since there is no non-universality among the left- 
handed states. In the other cases fermion KK mixing is a subleading effect. 

The couplings (5.35) induce lepton flavor violating decays of the Z boson with a 
branching ratio By{Z — >■ ijj) ^ 0.29 ■ (l^^^fj-P + The largest rate occurs 

in scenario (B') with [Z — >■ e/2) ^ 2 x 10~^ which is still three orders of magnitude 
below the experimental bound of 1.7 x 10~^ [24]. The other decay modes are even 
stronger suppressed. Thus there are no constraints on the model from lepton flavor 
violating Z decays. 

The off-diagonal elements of X also lead to flavor violating decays of charged 
leptons. Tree-level exchange of a Z boson and its KK states induces the processes 
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(5.36) 



Again we have averaged over random lepton Yukawa couplings in the four different 
scenarios. In the result (5.36) we have only included the contribution of the Z boson 
exchange. The amplitude contributed by its first KK state is already suppressed by 
a factor of about twenty. We have included the first KK level of lepton states which 
is important in scenario (A) where the left-handed lepton positions are degenerate. 
The branching ratios depend on the KK scale as 1/M^^. The experimental bound 
Br(// — > eee) < 1.0 x 10~^^ [29] is satisfied for leptons locahzed towards the Planck- 
brane and the rates can come close to the experimental sensitivity. It would be very 
interesting if a slow muon facility could test this process at the precision of 10^^^ 
[30]. The scenario (B'), where the leptons arc moved towards the TeV-brane, leads 
to strong flavor violation. The rate could only be brought down to the experimental 
bound if the KK scale is increased by an order of magnitude to about 100 TeV. 
The expected rates for tau decays are in all cases well below the latest Belle results 
Br(r ^ ^^^) < 3.8 x 10"^ and Br(r eee) < 2.7 x 10"^ [31]. 

Severe experimental bounds have been put on /xe-conversion in muonic atoms. 
The best exclusion limit Br{fiN eN) = T{fiN eN)/T{fiN Ui^N') < 6.1 x 
10~^^ comes from the Sindrum-II collaboration [32] . We expect a branching ratio of 

(A) (A') (B) (B') 

(5.37) 

Br(/x7V ^ eN) : 5.0 x 10"^^ 5.2 x 10"^^ 1.0 x 10"^^ 5.8 x 10"^^ 

While the scenario (B') is again excluded for a KK scale of 10 TeV, leptons close 
towards the Planck-brane easily avoid the experimental limit. The forthcoming 
MECO experiment (E940 at BNL) plans to increase the sensitivity to about 5x lO"-*^^ 
[33] . It would completely cover the predicted interaction rates, even for leptons close 
to the Planck-brane. 
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At the one-loop level radiative decays that violate lepton flavor are induced at a 
rate 
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(5.38) 



Except for the scenario (B') the expected branching ratios are far below the ex- 
perimental bounds Br(yU 67) < 1.2 x lO^ii, Br(r fi'-f) < 1.1 x 10"^ and 
Br(r 67) < 2.7 x 10"^. The MEG collaboration at PSI plans to increase the 
sensitivity with respect to n ^ ej to about lO-^^ — 10-^^ within the next years 
[34]. This will not be sufficient to test the model for leptons localized towards the 
Planck-brane. Note that our model leads to predictions quite different from su- 
persymmetric models, where radiative decays occur at much larger rates than the 
decays of eqs. (5.36) and (5.37) [35]. In the warped SM radiative decays occur only 
at the loop level, while the latter are tree-level processes. In the scenario of Dirac 
neutrino masses radiative decays are also mediated by the KK states of the sterile 
neutrinos. If the SM neutrinos arc confined to the TcV-brane, a too large branching 
ratio for — 67 pushes the KK scale up to 25 TeV and thus imposes a stringent 
constraint on the model [15]. However, the rate for — > 67 is sensitive to the mixing 
between light and heavy neutrino states. With bulk neutrinos the mixing with heavy 
states is considerably reduced. In ref. [10] a branching ratio Br(// — > 67) ^ 10~^^ 
was found for leptons localized towards the Planck-branc (c > 1/2). While this 
value is still well below the experimental sensitivity, it is larger than the contribu- 
tion from gauge boson exchange (5.38). Other lepton flavor violating processes, such 
as muonium-antimuonium oscillations [36] , do not lead to new constraints. 



5.2 Meson mass splittings and CP violation 

The flavor violating gauge couplings (5.31) also contribute to the mass splittings 
in neutral pseudo-scalar meson systems. The mass splitting between the flavor 
eigenstates of a meson, P° and is given by 

Amp = Mn-^FCNc\P') ^5 
rriK 

where >Cfcnc contains the flavor violating couplings (5.31). Phases in the flavor 
violation couplings are constrained by the indirect CP- violation in the kaon system 

^ Im(P°|-W|P°) ^5 
2v^mxAmij 

These expressions can be evaluated using the vacuum insertion approximation (see 
for instance [37]). The largest contributions to (5.39) and (5.40) come from the 
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exchange of KK gluons [38] . Excited gluons have flavor non- universal couplings to 
fermions like the KK states of the weak gauge bosons and induce flavor violating 
couplings analogous to those of eq. (5.31). The gluon zero modes couple universally 
and therefore do not mediate flavor changing interactions. 

For the quark locations of eq. (3.24) we obtain the following contributions of flrst 
level of KK gluons and the Z boson zero mode 
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The meson mass splittings are given in units of MeV. In eq. (5.41) we give results 
averaged over random sets of Yukawa couphngs 2/3 < < 4/3. As in the case 
of flat extra dimensions [38] the dominating contributions come from the exchange 
of KK gluons. KK states of the Z boson give only an about ten percent correction 
to the zero mode exchange. In the computation of the fermion mass eigenstates we 
have included the first level of KK states. Compared to using only fermion zero 
modes the gluon contribution to ek is enhanced by a factor of two. The meson mass 
splittings are less sensitive to whether or not KK fermions are included. The neglect 
of higher KK levels amounts to an uncertainty of order unity in our results. 

The contributions to meson mass splittings we find arc much smaller than the 
experimental values [24] hsted in the last column of eq. (5.41). The KK gluon 
contribution to ek comes rather close to the observed value. About one third of 
the random sets of Yukawa couplings we tested gave ex > 2.3 x 10~^, which is still 
acceptable. In ref. [17] KK contributions to 6 — S7 were considered. For the quark 
locations of eq. (3.24) a bound on the KK scale of about 5 TcV was found. From 
the the process K'^ tv^uu the limit on the Z coupling 2I < ^-^ ^ 10^® was 

obtained in ref. [18]. We flnd a considerably lower value of (|A'^*'i2l) ~ 2. 2 x 10~^. 
Our approach to fermion masses and mixings is therefore nicely compatible with 
experimental constraints on flavor violation. 

We stress that our results are very different from models where the fermions mass 
pattern is explained by flavor- dependent fermion locations in one or more universal 
flat extra dimensions. There flavor violation, in particular kaon mixing, leads to 
very restrictive bounds on the KK scale, Mkk > 10^ TeV [38], disfavoring these 
models as a solution to the the gauge hierarchy problem. Recently it was shown 
that models constructed from intersecting D-branes suffer from a similar problem 
[39]. The crucial difference lies in the wave functions of the KK gauge bosons. With 
a warped extra dimension the gauge boson wave functions are almost constant away 
from the TeV-brane. Therefore the gauge couphngs of KK gauge bosons are nearly 
universal for fermions localized somewhat towards the Planck-brane (c > 1/2) as 
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we show in fig. 3. Flavor violation is thus automatically suppressed for the light 
fermion species which are expected to reside closely towards the Planck-brane to 
explain their small masses. 



6 Non-renormalizable operators and rare processes 

In models where the weak scale is identified with the fundamental scale of gravity, the 
low cut-off scale dramatically amplifies the impact of non-renormalizable operators 
in weak scale interactions. As a consequence, large rates for rare processes, such 
as flavor violation and proton decay, are a challenge for model building. With bulk 
fermions localized towards the Planck-brane the corresponding suppression scales 
can be significantly enhanced without relying on ad-hoc symmetries [5, 6]. However, 
there are hmits because the SM fermions need to have sufficient overlap with the 
Higgs field at the TeV-brane to acquire their observed masses, as discussed in section 
3. We consider the following generic four- fermion operators which are relevant for 
flavor violation as well as for proton decay 

J d'x J dy^^^^^j^,^^ ^ J d'x^^^'^^f^f^^['\ (6.42) 

Integrating over the extra dimension, the effective 4D suppression scales Q associated 
with these operators depend on where the relevant fermion states are localized in 
the extra dimension. 

Let us focus on some examples. The lepton flavor violating decay — > eee is 
induced by the operator //eee at a rate F ~ m^/Q^. The experimental constraint on 
the corresponding branching ratio translates into Q > 5 x 10^ GeV. For the lepton 
locations considered in the previous section we obtain the suppression scales 

(A) (AO (B) (BO 

(6.43) 

Q(/xeee)[GeV] : 4.8 x 10^ 1.1x10^ 7.9x10^ 2.4 x 10^, 

where we have taken all the leptons to be left-handed. Except for the case (BO 
where the leptons are localized towards the TeV-brane, the operator /leee is safely 
suppressed. The same holds for similar lepton flavor violating operators such as 
T/i/iiJ, and reee. The operator jieqiqi contributing to muon electron conversion is 
constrained by Q > 1 x 10^ GeV while we are finding 

(A) (AO (B) (BO 

(6.44) 

Q(/iegigi)[GeV] : 4.4 x 10^ 3.5 x 10^ 1.1 x 10^ 6.6 x 10^ 

These suppressions scales even exceed Q > 1 x 10® GeV, a bound which could be set 
by the upcoming MECO experiment. Thus non-renormalizable operators are not 
expected to induce lepton flavor violation at an observable rate, unless the leptons 
would be locahzed closely towards the TeV-brane. 
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Constraints on the K — K mass splitting require the dimension-six operator {dsY 
to be suppressed by Q > 5 x 10^ GeV. If it contributes to CP violation, an even 
stronger suppression of Q > 5 x 10^ GeV is required. Using the quark locations of 
eq. (3.24), we obtain Q > 7.2 x 10^ GeV for left-handed and Q > 1.2 x 10^ GeV 
for right-handed states. For the operator [dhif we find Q > 3.3 x 10^ GeV, which is 
above the corresponding experimental bound of 2 x 10^ GeV. Other fiavor violating 
operators like (cu)^ are also within their experimental bounds. The quark locations 
of eq. (3.24) which we obtained from the fermion mass pattern automatically lead 
to the required suppression of flavor violating non-renormalizable operators. This 
conforms the conclusions reached in refs. [5, 6]. 

Dimension-six operators contributing to proton decay are highly constrained by 
experimental searches. For instance the operator qiqiq2h has to be suppressed by 
Q > 10^^ GeV [40]. Taking again the quark locations of eq. (3.24) and the lepton 
locations of eq. (3.26) we obtain Q > 5.6 x 10^ GeV. So some small coupling of 
order 10~^^ should multiply the non-renormahzable operator to be consistent with 
experimental limits on proton decay. This might point to an additional symmetry, 
such as baryon or lepton number. A tiny coupling might also originate from non- 
perturbative effects of gravity, especially if there is an extra dimension somewhat 
larger than MpL [41]. If the proton is stabilized by imposing lepton number (or 
lepton parity in the case of Majorana neutrino masses), baryon number violating 
processes like neutron-antineutron oscillations could still occur [42] . With the quark 
locations of eq. (3.24) the rate is, however, far below the experimental bound. 

In ref. [6] somewhat different quark locations where used in order to maximally 
suppress proton decay by non-renormalizable interactions. Similar conclusions were 
reached, even though the suppression scale Q could be enhanced by an order of mag- 
nitude. Non-renormalizable interactions can be further suppressed if the fermions 
are shifted closer towards the Planck-branc by allowing for larger 5D Yukawa cou- 
plings. A smaller AdS curvature compared to the fundamental Planck mass has the 
same effect. However, using these means to stabilize the proton would necessarily 
introduce new hierarchies in the model parameters. 

7 Conclusions 

In this paper we have studied aspects of flavor physics in the warped SM. Gauge 
bosons and fermions are bulk fields, while the Higgs field is confined to the TeV- 
brane. We have shown in detail how the fermion mass hierarchies and mixings can 
naturally be explained in a geometrical way, without relying on hierarchical Yukawa 
couplings. The observed fermion masses and mixings fix the relative positions of 
the fermion fields in the extra dimension. Large mixings are attributed to similar 
locations, and masses become small for fermions localized towards the Planck-brane. 
Small neutrino masses can arise from a coupling to right-handed neutrinos in the 
bulk or from dimension-five interactions. 
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Mixings between different KK levels induces deviations from the SM. Electroweak 
fits require the KK scale to be at least 10 TeV. KK mixings in the quark and weak 
gauge boson sectors lead to a non-unitary CKM matrix. However, deviations from 
unitarity are safely within the experimental bounds. 

Flavor violation by (KK) gauge boson exchange is an immediate consequence 
of our approach to the fermion mass problem. After transformation to fermion 
mass eigenstates, non-universal gauge couplings generate fiavor changing neutral 
currents. Fixing the fermion locations by the fermion masses and mixings, we can 
predict the rates of flavor violations processes. Since the light fermion flavors are 
localized towards the Planck-brane, where non-universality is small, flavor violation 
is within experimental bounds even for a KK scale of 10 TeV. Some processes, such 
as muon-electron conversion, are in the reach of next generation experiments and 
can provide valuable hints to the higher dimensional theory. This result is quite 
different from models with flat extra dimensions, where constraints on kaon mixing 
require the KK scale to be in the 10^ TeV range. Flavor violation in radiative decays 
is suppressed which is an important distinction to supersymmetric models. 

Bulk fermions also help to reduce the impact of non-renormalizable operators. 
We have demonstrated that their contribution to flavor violating processes is natu- 
rally below the experimental sensitivity, even for order unity couplings. Dimension- 
six operators leading to proton decay, however, cannot be sufficiently suppressed. 
The required tiny couplings might point to some additional symmetry. 

Thus, the warped SM allows to generate the fermion mass pattern from ffavor- 
dependent locations without giving up the solution to the gauge hierarchy problem 
or inducing unacceptable rates for ffavor violating processes. 
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